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() D={z€C:|z| <1}. (ii) Hol(D) = {f : D — C holomorphic }. (iii) C(D) = {f : D —
C continuous }. (iv) Z(f) = zero set of f.

(1) (10 marks) Let f € Hol(D), and assume that |f(z)| < 1 for all z € D. If f(0) = 0,
then prove that the series
> FEM,
n=0

converges absolutely and uniformly on {z € C: |z| <7}, r < 1.

(2) (10 marks) Let v be a smooth closed curve in C. Prove that the winding number of
~y is identically zero on the unbounded component of C \ ~.

(3) (10 marks) Prove that there is no branch of the logarithm on C \ {0}.
(4) (10 marks) If a* +a® +1 =0, o € C, then prove that |o| < 3.

(
(5) (15 marks) Let f be a meromorphic function on C, and let

Prove that f = 0.

(6) (15 marks) Let {f.} be a sequence in C(D) N Hol(D). Suppose that f, converges
uniformly on JD to a function f. Prove that f can be extended to a function in
C(D) N Hol(D).

(7) (15 marks) Examine the nature of the singularities of the following functions and

determine the residues at the singularities:
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(8) (15 marks) Let {f,} be a sequence of entire functions, and assume that f, converges
uniformly to a non-identically zero function f on C. If Z(f,,) C R for all n, then prove
that Z(f) C R.

(9) (15 marks) Let f € Hol(D), and assume that |f(z)| < 1 for all z € D. Prove that
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for all z and w in D.



